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elds in 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In the model of a gravitating system with two salar elds (one of whih is phantom), two new
types of regular solutions are found: mehanism for ompatiation of an extra dimension and a
at thik brane solution. It is shown that the rst model has solutions osillating over the extra
oordinate and giving a nite radius of ompatiation of the fth dimension and the seond model
is a at thik brane embedded in the 5D Minkowski spaetime. Geometry of both models orresponds
to a ve-dimensional Minkowski spae-time. Consideration of linear perturbations shows stability
of the obtained solutions.
PACS numbers: 11.25.Mj,11.27.+d
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I. INTRODUCTION
At the present time, there are two ways at onsideration of extra dimensions in the multidimensional theories: the
rst one assumes that the extra dimensions are small and ompatied by using some mehanism (ompatiation
mehanism); the seond one assumes that the extra dimensions have large or even innite size, but we live on a
thin four-dimensional sheet (brane) embedded into a higher-dimensional spae alled the bulk. Existene of the extra
dimensions leads to the problem of their non-observability. This problem is being solved by using some ompatiation
mehanisms in the rst ase, and by introduing various kinds of braneworld models in the seond one. At the present
time, apparently, there is no any unied mehanism working in both ases. In this paper we suggest suh a unied
model providing both the ompatiation mehanism and existene of a brane-like solution.
The problem of ompatiation of extra dimensions is one of the most important problems in Kaluza-Klein theories.
It is assumed that we live in a spae with d > 4 dimensions, but that (d−4) of these dimensions have been ompatied.
The radius of urvature of spae in the orresponding diretions is of order M−1pl . That is why we annot move in
those diretions, and spae is apparently four-dimensional.
For solution of this problem, a few mehanisms of the spontaneous ompatiation were suggested. The main
idea of all these mehanisms onsists in a searh of speial (vauum) solutions of the multidimensional Einstein
equations orresponding to representation of d−dimensional manifold in the form Md = M4 × Bd−4, where M4
is four-dimensional spae-time (it is desirable that this would be a Minkowski spae-time) and Bd−4 is a ompat
internal spae.
There are the following mehanisms of the spontaneous ompatiation [1℄:
1. Freund-Rubin ompatiation [2℄ with speial ansatz for antisymmetri tensors, and also the Englert
ompatiation [3℄;
2. ompatiation by setting a gauge eld in an internal spae equal to the spin onnetion, suitable embedded
in a gauge group [4℄;
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23. monopole or instanton mehanism [5℄;
4. ompatiation by using salar hiral elds [6℄;
5. ompatiation by using radiative orretions [7℄.
Here we suggest a new (in our opinion) and simple ompatiation mehanism of the fth dimension based on
using of usual and phantom salar elds. Thereupon, energy-momentum tensors of the elds have dierent signs. For
example, energy densities of the usual and phantom elds will be positive and negative, respetively. It allows us to
onsider the models when the energy-momentum tensors of both elds ompensate eah other exatly. Then the ve-
dimensional Einstein equations have solutions whih an be represented as produt of a four-dimensional Minkowski
spae and ompatied fth dimension. For this purpose, potential energy of the salar elds (usual and phantom)
is being hosen in suh a way to obtain a solution osillating over the fth dimension. That is why one an onsider
the fth oordinate as being twisted into a irle. Choosing a mass of salar elds, one an get any desirable radius
of ompatiation, inluding the Plank value.
In the ase of braneworld models, there are two kinds of models: thin and thik branes. The thin brane is an innitely
thin sheet embedded into an external multidimensional spae and having delta-like loalization of matter [8℄. However,
from the physial point of view, it is most reasonable to onsider models of a thik brane [9℄-[15℄ having nite thikness
in extra dimensions. Both models give asymptotially anti-de Sitter (or de Sitter) solutions far from the brane. In
this paper we onsider another type of thik brane solutions when the warp fator is a onstant over the bulk. This
ase orresponds to a Minkowski spae-time. One an all suh type of solutions as at thik brane solutions. One an
onsider these solutions as follows: in the simplest ase the ve-dimensional ation for a brane an be presented in
the following form
S = − 1
16πG(5)
∫ √
g(5)
(
R(5) − 2Λ
)
d 4x dz − σ
∫ √
g(4)d 4x.
Here z is the fth oordinate, Λ is a ve-dimensional osmologial onstant, σ an be regarded as the brane tension
(the energy density per unit three-dimensional volume). Aording to the Randall-Sundrum's seond model [8℄, there
is a ne tuning ondition between the brane and bulk parameters Λ and σ:
Λ = −4π
3
G(5)σ
2.
For suh a model, there are two kinds of asymptoti solutions: if σ > 0, then one has the anti-de Sitter solution with
the warp fator a(z) = exp (−k|z|), where k = (4π/3)G(5)σ. If σ < 0, then one has the de Sitter solution. In this
paper we will onsider a ase when the brane tension σ = 0. This is being ahieved by using the usual and phantom
salar elds with positive and negative energy densities ompensating eah other. That is why this type of solutions
an be regarded as at thik brane solutions.
II. GENERAL EQUATIONS
We start with the Lagrangian
L = −R
2
+ ǫ1
[
1
2
∂µϕ∂
µϕ− V1(ϕ)
]
+ ǫ2
[
1
2
∂µχ∂
µχ− V2(χ)
]
, (1)
where R is the ve-dimensional salar urvature, ϕ, χ are two noninterating salar elds with the potentials V1(ϕ)
and V2(χ), respetively. The onstants ǫ1,2 = ±1 orrespond to either usual (ǫ = +1) or phantom salar eld (ǫ = −1).
Taking the ve-dimensional metri in the form
ds2 = a2(z)
(
ηµνdx
µdxν − dz2) , (2)
where Greek indies µ, ν... refer to four dimensions, ηµν = {1,−1,−1,−1}, and the funtion a(z) depends only on the
fth oordinate z. The energy-momentum tensor an be obtained from (1)
TAB = ǫ1∂Bϕ∂
Aϕ+ ǫ2∂Bχ∂
Aχ− δAB
{
ǫ1
[
1
2
∂Cϕ∂
Cϕ− V1(ϕ)
]
+ ǫ2
[
1
2
∂Cχ∂
Cχ− V2(χ)
]}
, (3)
where Latin indies A,B,C... refer to ve dimensions.
3By varying (1) with use of the metri (2), one an obtain the Einstein equations
Gαα = −3
a′′
a3
= Tαα , (4)
Gzz = −6
a′2
a4
= T zz , (5)
where the rst equation orresponds to the four four-dimensional Einstein equations, and the seond one is the fth
omponent of the Einstein equations. The equations for salar elds will be
ϕ′′ + 3Hϕ′ = a2 ∂V1(ϕ)
∂ϕ
, (6)
χ′′ + 3Hχ′ = a2 ∂V2(χ)
∂χ
, (7)
where H = a′/a.
Let us onsider the simplest ase when ǫ1 = +1, ǫ2 = −1 and ϕ = χ, V1(ϕ) = V2(χ). Then one an see from (3)
that Tαα = T
z
z = 0. In this ase, it follows from (4)-(5) that
a = const. (8)
The oordinates xµ an be hosen in suh a way that a = 1.
A. Compatiation of the fth dimension
Choosing the potential energy of salar eld in the simplest form
V (ϕ) = −1
2
m2ϕ2,
where m is a mass of the salar eld, it follows from (6) that
ϕ = χ = ϕ0 cosmz, (9)
where ϕ0 is an integration onstant. Eq. (9) means that the funtions ϕ(z) and χ(z) are periodial with the period
λ = 2π/m. So one an say that the fth dimension is a irle S1 with some ompatiation radius R = n/m, where
n = 1, 2, 3... The oordinate z runs from 0 to 2πR, and the points z = 0 and z = 2πR are identied.
B. Flat thik brane solution
Choosing the potential energy of salar eld in the form
V (ϕ) =
1
4
λ
(
ϕ2 − m
2
λ
)2
,
where m is a mass of the salar eld and λ is a self-oupling onstant, one an obtain from (6) the following kink-like
solution
ϕ = χ = ± m√
λ
tanh
[
m√
2
(z − z0)
]
, (10)
where z0 is an integration onstant. In order to have a brane-like solution at z = 0, we have to hoose z0 = 0.
I.e., we have obtained the ve-dimensional kink-like solution with the at Minkowski spae-time. This solution an be
interpreted as a at brane solution. And this is the distintion between usual thik brane solutions with asymptotially
anti-de Sitter (or de Sitter) spae and the solution obtained here.
4III. STABILITY ANALYSIS
Let us use the method suggested in [16℄ for stability analysis of the obtained solution. For this purpose, we rewrite
the metri (2) in the perturbed form
ds2 = a2(z)
{
[1 + 2ψ(xµ, z)] ηµνdx
µdxν − [1 + 2φ(xµ, z)] dz2} , (11)
where ψ(xµ, z), φ(xµ, z) are perturbations of the metri. Similarly, let us searh for perturbed solutions for the salar
elds as
ϕ = ϕb(z) + δϕ(x
µ, z), χ = χb(z) + δχ(x
µ, z),
where ϕb(z), χb(z) are the bakground solutions (9) and (10). Then equations for the perturbations will be
(z, z) : 3ηρλψ;ρλ + 12Hψ′ − 12H2φ = ϕ′bδθ′ − a2
∂V (ϕ)
∂ϕb
δθ, (12)
(z, µ) : −3ψ′;µ + 3Hφ;µ = ϕ′bδθ;µ, (13)
(µ, ν) :
(
3ψ′′ − 6H′φ− 3Hφ′ + 9Hψ′ − 6H2φ+ ηρλφ;ρλ + 2ηρλψ;ρλψ
)
δµν (14)
−ηρλφ;ρλ − 2ηρλψ;ρλ =
(
−ϕ′bδθ′ − a2
∂V (ϕ)
∂ϕb
δθ
)
,
matter : δθ′′ + 3Hδθ′ + ηρλθ;ρλ = a2 ∂
2V (ϕ)
∂ϕ2b
δθ, (15)
where the notation δθ = δϕ − δχ is introdued, and the semiolon denotes the ovariant derivative with respet to
ηµν . From the o-diagonal part of (14), we have that
φ+ 2ψ = 0. (16)
Taking into aount (16), one an obtain from (13)
δθ = − 3
ϕ′b
(ψ′ + 2Hψ) . (17)
By subtrating (12) from (14) and taking into aount that
H′ = H2
(it follows from (4)-(5)), we will have the following master equation of the system
ψ′′ + ηρλψ|ρλ +
(
3H− 2ϕ
′′
b
ϕ′b
)
ψ′ + 4
(
H′ −Hϕ
′′
b
ϕ′b
)
ψ = 0. (18)
In order to examine the stability of the system, let us transform this equation into the Shrodinger-like equation.
For this purpose, let us introdue the new funtion F (z, xµ)
ψ(z, xµ) = ϕ′b(z)F (z, x
µ). (19)
Then we will have the following equation for the salar perturbation
− F ′′(z, xµ) + Ve(z) · F (z, xµ) = ηρλF (z, xµ);ρλ, (20)
where the eetive potential takes the form
Ve = −5
2
H′ + 9
4
H2 +Hϕ
′′
b
ϕ′b
− ϕ
′′′
b
ϕ′b
+ 2
(
ϕ′′b
ϕ′b
)2
. (21)
In our ase, taking into aount the solutions (8) and (9), the eetive potential for the ase of ompatiation
beomes
Ve = −m2 + 2m2 cot2(mz),
5and for the at thik brane ase, using (8) and (10), we have
Ve = m
2
[
1 + tanh2
(
m√
2
(z − z0)
)]
.
Let us expand the Shrodinger equation (20) into Fourier integral in a Minkowski spae as follows
F (z, xµ) =
∫
d4p
(
√
2π)4
f(z)eipµx
µ
. (22)
Then we will have
− f ′′(z) + Ve(z)f(z) = µ2f(z) , (23)
where µ2 = −p2, p is the momentum from (22). For stable solutions, it is neessary that µ2 > 0.
Let us searh for a solution of the last equation as follows:
A. The ase of ompatiation
It is onvenient to rewrite Eq. (23) in the form
−f ′′ − [E − V0 cot2(mz)] f = 0,
where E = µ2+m2, V0 = 2m
2
, m = π/b, b is the width of the potential well. Energy levels of this equation, satisfying
the ondition f = 0 on the bounds of the potential well at z = 0 and z = b, are
En = (n
2 + 2n− 1)m2, n = 1, 2, 3...
The value E1 = 2m
2
orresponds to the ground level, in what follows that µ2 = m2 > 0, i.e., the solution is stable.
The normalized wave funtion of the ground level n = 1 is
f =
2√
3
sin2
(πz
b
)
.
This solution an be being onsidered as a periodial solution with the same period as in (9).
B. The ase of the at thik brane
One an rewrite Eq. (23) in the form
f ′′(x) + 2 [E − V (x)] f(x) = 0, (24)
where x = m(z − z0)/
√
2, E =
[
(µ/m)2 − 1] and V (x) = tanh2(x) is always positive. Then it is obvious that the
energy levels E will be always positive as well. That is why µ2 > 0, i.e., the system is stable if a disrete spetrum of
E does exist.
To larify this, let us nd energy spetrum for the ase under onsideration. Introduing a new variable ξ = tanhx,
the last equation gives
d2f
dξ2
− 2ξ df
dξ
+ 2
(
E − ξ2) f = 0 (25)
with the solution
f = C1 exp
(
1−√3
2
ξ2
)
F1
[
−1 +√3− 2E
4
√
3
,
1
2
,
√
3 ξ2
]
, (26)
where F1 is the Kummer onuent hypergeometri funtion. This funtion is nite at ξ = ±1 (i.e., at x = ±∞) if
−1 +√3− 2E
4
√
3
= −n, (27)
6where n = 0, 1, 2, ... (then F is a nite polynomial of the power n at ξ = ±1). Using this ondition, we will have the
following energy levels
En =
√
3(4n+ 1)− 1
2
. (28)
Taking into aount that the depth of the potential well V (x) = tanh2(x) is equal to 1, one an easily see that there
exists only one disrete energy level at n = 0 (the ground level), i.e., the system is stable. For other n, one has a
ontinuous spetrum.
IV. CONCLUSIONS
We have onsidered a possibility of using the model with two non-interating salar elds  usual and phantom
ones  in appliation to the ve-dimensional problems. There were suggested two models: the new ompatiation
mehanism of the extra dimension and the at thik brane solution. In both models, the potential energy of salar
elds is being hosen idential. In the rst model, we have used the simplest quadrati form of the potential energy. It
allows us to nd solutions whih an be being onsidered as solutions with the ompatied fth dimension (a irle
S1). In the seond model, we have used the Mexian hat potential energy. The obtained solution orresponds to the
at thik brane solution in the ve-dimensional spae-time. In both ases, it was shown that the solutions are stable
against linear perturbations.
The desribed mehanism of ompatiation of one extra dimension an be generalized for a greater number of
extra dimensions.
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